Maxima 5.9.1 http://maxima.sourceforge.net

Using Lisp CMU Common Lisp 19a

Distributed under the GNU Public License. See the file COPYING.
Dedicated to the memory of William Schelter.

This is a development version of Maxima. The function bug_report()
provides bug reporting information.

(%i1) load("tensor-tmp.mac");

Warning - you are redefining the MACSYMA function EIGENVALUES
Warning - you are redefining the MACSYMA function EIGENVECTORS
(%o1) tensor-tmp.mac

(%i2) a : [1,2] @x@ [sin(x), cos(x), tan(x)] @x@ [1, x, x~2, x~4]$

Incorrect syntax: Premature termination of input at ;.
5

(%i3) a;

2 4 2 4

(%03) [[[sinz,zsinz,z?sinz,z*sinz], [cos x,z cos , 22 cos z, x* cos x|, [tan z, z tan z, 2> tan z,

a*tanz]], [[2sinz,2zsinz,22?sinz, 22 sinz], [2cosz, 2z cosz, 2 2% cosz,2a* cos 2], [2tan z,
2mtanm,2m2tanz,2w4tanx]”

(%i4) tensortype(a);

(%od) [2,3,4]

(%15) tensorrank(a);

(%05) 3
(%i6) b : [s,tl;

(ho6) [s,t]
(%i7) ¢ : a @xQ@ b;

2 4

(%ﬂ)[Hbﬂnxjﬁnﬂimmmxjmﬁnﬂ,hxsmmﬁx%mmth
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sh1x,tm4sh1x]],nscosx,
tcosz],[szcosz,txcosa], [sa?cosx,ta’cosz], [satcosz,txtcosz]], [[stanz,ttanz], [sz tanz,
twtanwL[sm2tanw,tw2tanaﬂ,[sw4tanw,tm4tanw]ﬂ,[H2ssh1w,2tsh1wL[2swshlw,2twshle
[2sz?sine,2t2?sinz], [2sztsinz, 2t 2t sinz]], [[2scosz,2t cosz],[2s x cosx, 2tz cos ],
[2sz2cos,2tx?cosz], [2sztcosz, 2tz cosz]], [[2stanz, 2t tan ], [2 sz tanz, 2t = tan z],

[2sw2tanm,2tm2tanaﬂ,[2sw4tanm,2tw4tanx]ﬂ]

(%i8) tensortype(c);

(%08) [2,3,4,2]

(%i9) d : b @ex@ a;



4

4sina:], [scosm,smcosw,swzcosw,sm cosw], [stanm,

(%09) [[[[ssina:,swsinx,swzsinw,sw
sztanz,sr’tanz,szttanz]], [[2ssinz,2szsinz,2s2?sinz, 2sa*sinz], [2scosz, 25z cosz,
2sa’cosz,2sx' cosa], [2stanz, 25z tanz,2sa’ tanz, 2sa* tanz]]], [[[¢sinz, tzsina,
taz?sinz,ta*sinz), [tcosz,txcosz,ta?cosz,tat cosz], [ttanz,txtanz, t2® tan z, t z* tan z] ],
[[2tsina,2¢zsing,2tz?sinz, 2tz sinz], [2¢cosz, 2tz cosz,2ta? cosz, 2t x* cosx], [2t tanw,
2tztanz,2tz?tanz, 2tz tanz]]]]

(%i10) tensortype(d);

(%010) [2,2,3,4]
(%i11) e : [-1, 2, 0 , 3]

(%o11) [—1,2,0,3]

(%112) tensortype(e);

(%o012) [4]

(%i13) £ : d @tvc e;

(%013) [[[(3S$4+28$—3) sinz, (33m4+23m—s) cosz, (35m4+23:v—s) tan:v], [(63m4+
4sx—2s)sinz, (6sz*+4sz—2s)cosw, (6sa*+4sz—2s)tana]], [[(3ta*+ 2tz —t)sinz,
(3ta*+2tz —t)cosz, (3tat+2tx —t)tanz], [(6tz* +4tx —2¢)sinz, (612 + 4tz —

2t) cosz, (6tz* + 4tz —2t) tanz]]]

(%114) tensortype(f);

(hol4) [2,2,3]

(%i15) g : d @xQ e;

2

(%o15) [[[[[—ssinm,2ssinx,0,3ssinx],[—smsinm,2sxsinx,0,3smsinx], [—sm sin z,

2sa’sinz,0,3sz?sinz], [-sztsinz,2sz*sinz, 0,3 sz*sinz]], [ scosz,2scosz,0,3scosz],
[-szcosz,2sxcosx,0,3sxcos], [—sxzcosa:,2sx2005x,0,3sx2cosx], [—sx4cosx,
2sa*cosx,0,3szcosx]], [~ stanz,2stanw,0,3stanz],[— swtanz,2swtanx,0,3 sz tan z],
[-sz?tanz,2sz?tanz,0,3s2? tanz], [— sz*tanz,2s 2z tanz,0,3 sz tanz]]], [[[— 2 ssinz,
4ssinz,0,6ssinz],[—2szsinz,4szsine,0,6szsing], [—2sz?sinz,4s2?sinx,0,6sx?sinz],
[-2sa*sinz,4sztsine,0,6 sz*sinz]], [[-2scosz,45cos2,0,6scosz],[—2szcosz,
4szcosz,0,6szcosz], [—2sz’cosz,4sa?cosz,0,6 sz cosz], [—2satcosz,4s2* cosz,0,
63w4c0sw]], [[—23tanw,4stanm,0,63tanw], [-2sztanz,4sztanz,0,6sz tanz], [—
2saz’tanz,4sz’tanz,0,6 sz’ tanz], [—2sz*tanz, 4 szt tan=,0,6 szt tanz]]]], [[[[— tsinz,
2tsinz,0,3tsinz],[—txsinz,2tzsinz,0,3trsinz], [ - tz’sinz,2txz?sinz,0,3tz?sinz], [ —
tztsinz,2tz*sine,0,3ta*sinz]], [[—tcosz,2¢cos,0,3tcosx],[—tzcosz, 2tz cosz,0,
3tzcosz], [—ta?cosz,2tz?cosz,0,3tz?cosz|, [—tatcosz, 2tz cosz,0,3tzt cosz]], [[—
ttanz,2ttanz,0,3¢ttanz],[ -tz tanz,2tx tanz,0,3 ¢tz tanz], [—tmztanw,2tw2tanm,0,
3tw2tanm], [—tm4tanw,2tw4tana:,0,3tw‘%anx]”, [[[—2tsinx,4tsinx,0,6tsinw],[—
2txsinz,4txsinz,0,6tzsinz], [—2ta?sinz, 4t 2?sine,0,6tz?sinz], [ -2t a*sinz, 4tz sinw,
O,6tac4sinx]], [[—2tcosx,4tcosm,0,6tcosx],[—2txcosx,4tmcosm,0,6ta:cosx], [—
2tx?cosz,4tx?cosx,0,6¢a?cosa|, [— 2tz cosw, 4tz cosx,0,6tx cosz]], [[—2ttanw,
4ttanz,0,6ttanz],[—2¢tctanz,4txtane,0,6twtana], [ - 2¢ta’tanx,4 ¢z’ tanz, 0,

6tw2tanw], [—2tm4tana:,4tx4tanm,0,6tw4tanm]]]]]



(%116) tensortype(g);

(hol6) [2,2,3,4,4]
(%i17) £f : cntrlst2(g);

(%ho17) [[[3sz*sinz+2szsinz —ssinz,3sz*cosc+2szcosz — scosx,3 sz tanz +
2sxtanx—sta.nx], [6sx4sinx+4sxsinx—2ssinx,65:c4cosa:+4sxcosx—2scosx,
6sa*tanz+4sztanz —2stanz]], [[3ta*sine +2¢xsine — tsinz,3tatcosz + 2t xcosz —

tcosz,3ta'tanz +2twtanz — ttanz|, [6ta*sine + 4t wsine — 2tsina, 6tz cosz +
4tzcosz —2tcosz,6tx'tanzs + 4tz tans — 2t tan]]]

(%118) tensortype(ff);

(%018) [2,2,3]
(%119) ££[2]1[1]1[2];

(%019) 3tz*cosz+2tzcosz —tcosz

(%120) ratsimp(f - ff);

(%020) [[[0,0,0],]0,0,0]],[[0,0,0],[0,0,0]]
(%i21) fff : cntrct(g, 4, 5);

(%o21) [[[3sz*sinz+2sasinz —ssinz,3sz*cosz+2szcosw — scosa,3sa’ tanx +
2swtanz —stanz], [6sz'sinz +4swsine —2ssinz,6sztcosz+4szcosz —2scosw,
6sa*tanz +4sztanz —2stanz]], [[3tatsine +2¢zsing — tsinz, 3tz cosz + 2t wcosw —

tcosz,3tz*tanz +2txtanz —ttanz], [6ta*sinz +4txsine —2¢sinz, 6tz cosz +
4tzcosz —2tcosz,6tzttanz +4twtanz — 2t tanz]]]

(%i22) ratsimp(ff - fff);

(%022) [[[0,0,0],]0,0,0]],[[0,0,0],[0,0,0]]
(%123) tensortype(fff);

(%o23) [2,2,3]
(%i24) cntrct(fff,1,2);

(%ho24) [6ta:4sina:+3sx4sina:+4ta:sinw—+—2smsina:—2tsinw—ssinm,Gtw4cosw+
3sztcosx+4trcosz+2sxcosx —2tcosx —scosz,6txttanz +3sattana +4txtanz +
2srtanc —2ttanz — s tan ]

(%125) tensortype(%024);

(%ho25) [3]
(%i26) kill(ALL);

(%00) DONE

(%11) load("tensor-tmp.mac");



Warning - you are redefining the MACSYMA function EIGENVALUES
Warning - you are redefining the MACSYMA function EIGENVECTORS
(%o01) tensor-tmp.mac

(%1i2) a : ([1,2] exe@ [3,4,5]) exe ([6,5,4,3] @x@ [-1,2,-3,4,-5]);

(%02) [[[[— 18,36, — 54,72, — 90], [ — 15,30, — 45, 60, — 75], [ — 12,24, — 36,48, — 60], [ — 9, 18, — 27,
36, — 45]], [ — 24, 48, — 72,96, — 120], [ — 20, 40, — 60, 80, — 100], [ — 16, 32, — 48, 64, — 80], [ — 12, 24,
— 36,48, — 60]], [[ — 30, 60, — 90, 120, — 150], [ — 25, 50, — 75, 100, — 125], [ — 20, 40, — 60, 80, — 100],
[— 15,30, — 45,60, — 75]]], [ — 36, 72, — 108, 144, — 180], [ — 30, 60, — 90, 120, — 150], [ — 24, 48, — 72,
96, — 120], [ — 18,36, — 54, 72, — 90]], [ — 48, 96, — 144, 192, — 240], [ — 40, 80, — 120, 160, — 200], [ —
32,64, — 96,128, — 160], [ — 24, 48, — 72,96, — 120]], [[ — 60, 120, — 180, 240, — 300], [ — 50, 100, — 150,
200, — 250], [ — 40, 80, — 120, 160, — 200], [ — 30, 60, — 90, 120, — 150]]]]

(%i3) tensortype(a);

(%03) [2,3,4,5]
(%i4) b : [x,y1;

(hod) [z, y]
(%i5) c : a @x@ b;

(hoB5) [[[[[—18z,—18y],[36x,36y],[— 54z, —54y],[722,72y],[—90z,—90y]],[[ - 15z, —
15y],[30x,30y],[ —45x,—45y],[60x,60y],[ - 75z, = 75y]],[[— 12z, —12y],[24 2,24 y],[ — 36,
—36y],[487,48y],[-60z,—60y]],[[-92,—9y],[18%,18 y],[ —27x,— 27 y],[36x,36 y],[ — 45 =,
—459y]]),[[[— 24z, — 24 y],[48%,48 y],[— 72z, — 72 y],[96 2,96 y],[ — 120z, — 120 y]], [ — 20z, —

20y],[40z,40y],[—60z,—60y],[80z,80y],[ —100z,—100y]],[[— 16z, — 16 y],[32z,32 y],[ —
48x,—48y],[64x,64y],[—80z,—80y]|,[[— 12z, —12y],[24x,24 y],[ — 36 =, — 36 y], [48 =, 48 ],
[-60z,—60y]]],[[[-30z,—30y],[60x,60y],[—90x,—90y],[120x,120 y],[ — 150z, — 150 y]],
[—25z,—25y],[50x,50y],[— 75z, —75y],[100z,100 y],[ — 125z, — 125 y]],[[ — 20z, — 20 y],
[40z,40y],[—60z,—60y],[80z,80y],[ — 100z, —100y]],[[—15z,— 15y],[30z,30y],[ — 45z, —
45y],[60x,60y],[— 75z, — 75 y]]]],[[[[ - 36z, —36y],[72x,72y],[ — 108z, — 108 y], [144 =, 144 y],
[—180z,—180y]],[[—30z,—30y],[60z,60y],[ —90z,—90y], [120z,120 y],[ — 150z, — 150 y]],
[—24z,—-24y],[48x,48y],[ - 72z, —T72y],[96x,96 y],[ —120x, — 120 y]], [[ — 18z, — 18 9], [36 =,
36y|,[—54x,— 54y, [722,72y],[— 90z, — 90 y]]],[[[ — 48z, — 48 y],[96 x,96 y],[ — 144 =, — 144 y],
[1922,192y],[— 240z, —240y]],[[ — 402, —40y],[80,80 y],[ — 120z, — 120 ], [160 =, 160 y], [ —
200z, —200y]],[[-32z,—32y],[64z,64y],[ — 96z, —96y], [128 z,128 y],[ — 160z, — 160 y]], [[ —
24zx,—-24y],[48x,48y],[ - 72x,—T2y],[96 2,96 y],[ — 120z, — 120 y]]], [[[ - 60z, — 60 y], [120 z,
120 y], [ — 180z, — 180 y], [240 =, 240 y],[ — 300z, — 300 y]], [ — 50 =, — 50 y],[100 z, 100 y], [ — 150 x,
—150y], [200 z, 200 y],[ — 250 x, — 250 y]], [ —40 =, — 40 y], [80 x,80 y],[ — 120z, — 120 y], [160 =,
160 y],[ — 200z, — 200 y]],[[—30z,—30y],[60z,60 y],[ —90z,—90y],[120z,120 y], [ — 150 =, —
150 y]111]

(%i6) tensortype(c);

(ho6) [2,3,4,5,2]

(%i7) d : exchnext(c, 4)$
(%18) tensortype(d);

(%08) [2,3,4,2, 5]

(%i9) f : exchnext(d, 3)$
(%110) tensortype(f);



(%010) [2,3,2,4,5]

(%111) g : exchnext(f, 2)$
(%112) tensortype(g);

(%o012) [2,2,3,4,5]

(%113) h : exchnext(g, 1);

(%ho13) [[[[[—18x,36x,—b4x,72z,—90x],[— 152,30z, — 452,60z, — 75z],[—12x,24z, —
36z,48z,—-60z],[— 92,182, — 272,362, —452]|,[[— 242,482, — 722,96, —1202],[ — 20,
40z,—-60z,80z,—100z],[— 162,32z, — 48,64z, —80x],[ —12z,24x, — 36,48z, — 60 z]],
[—30z,60x,—90z,120x,—150z],[— 25,50z, — 752,100z, — 125z],[ — 202,40z, — 60 z,
80z,—100z],[- 152,302, — 452,602, — 75z]]],[[[ - 36,72z, — 108 z,144x, - 180z],[ — 30z,
60x,—90x,120x,—150],[ — 24,482, — 722,962, — 120 z],[ — 182,36z, — 54z, 72z, — 90 z]],
[—48z,96x, — 144,192, — 240 z],[— 402,80z, — 120,160z, —200z],[ — 32,64z, — 96 =,
128 2,—160x],[— 242,48z, — 722,96z, — 120]],[[ -60z,120x, — 180 x,240 z, — 300 z], [ — 50 =,
100z, — 150,200, — 250 ],[ — 40,80z, — 120z, 160z, — 200 z], [ — 30,60z, — 90z, 120z, —
150x]]]]v[[[[_18:’/’3611;_54:‘/,723/’_go:y]a[_15y530ya_45y560y5_75 y]a[_12y524y;_
36y,48y,—60y],[—9y,18y,—27y,36y,—45y]],[[—24y,48y,—72y,96y,—120y],[—20y,
40y7_60y580y7_IOOy]a[_16y’32ya_48y164y5_80y]7[_12y’24y5_36y748y5_60y]]5
[—30y,60y,—90y,120y,—150y],[—25y,50y,—75y,100y,—125y],[—20y,40y,— 60y,
80y,—100y],[—-15y,30y,—45y,60y, —75y]|],[[[-36y,72y, — 108 y,144y, — 180 y],[ - 30y,
60y,—90y,120y,—150y],[ —24y,48y,—72y,96y,—120y],[ - 18y,36 y, — 54y, 72y, — 90 y]],
[[_48y’96y5_144:’/5192:‘/7_240:[/]’[_40y’80ya_120y7160:’/5_200y]’[_32y’64ya_96y5
128:’/7 - 160y]7[_24y548y5 —72 yagﬁy:_ 120y]]’ [[_60y3120ya_ 1801/,24031,—3001/],[_50%
100y, —150y,200y,—250y],[-40y,80y, —120y,160y, —200 y],[—30y,60y,—90y,120y, —

150 y]11]
(%i14) tensortype(h);

(%o14) [2,2,3,4,5]

(%i15) i : b ex@ a$
(%i16) tensortype(i);

(%o16) [2,2,3,4, 5]
(%i17) ratsimp(i - h);

(%o17) [[[[[0,0,0,0,0],[0,0,0,0,0],[0,0,0,0,0], [0,0,0,0,0]], [[0, 0, 0,0,0], [0,0,0,0,0], 0, 0,0, 0, 0],
[0,0,0,0,0]],[[0,0,0,0,0], 0,0, 0,0, 0], [0,0,0,0,0], [0,0, 0 0,0]]], [[[0, 0,00, 0], [0,0,0,0,0],[0,0,0,0,
0], [0,0,0,0,0]], [[0,0,0,0,0],[0,0,0,0,0], [0,0,0,0, 0], [0, 0,0, 0, 0]], [[0, 0, 0, 0, 0], [0, 0, 0,0, 0], [0, 0,0,
0,0, [0,0,0,0,0]]]], [0, 0, 0, 0, 0], [0,0,0,0,0], [0,0,0,0,0], [0,0,0,0,0]], [0, 0, 0,0, 0], [0, 0,0,0,0], [0,
0 0’ O’ ]’ [O’ 0’ 0’ O’ 0]]’ [[O’ 0’ O’ 0’ ]5 [O’ 05 O’ 0’ ]5 [O’ 05 O’ 0’ ]’ [0’ ) ’0’ O]]]’ [[[0’ O’ 0’ 05 O]’ [0’ O’ 0’ O’ 0]’
[0’ 0’ O’ 0’ O]’ [0’ 0’ ’0’ O]]’ [[0’ O’ ’Oﬂ O]’ [0’ O’ 0’ 05 O]’ [0’ O’ 0’ O’ 0]’ [O’ O’ 05 O’ 0]]’ [[O’ 0’ 0’ 0’ 0]’ [O’ 0’ O’ 0’
0], [0,0,0,0,0],[0,0,0,0,0]]]]]

(%118) tensortype(c);

(%018) [2,3,4,5,2]
(%i19) exchttype(c, 2, 4);



(ho19) [[[[[— 18, —18y],[—24x,—24y],[-30z,—30y]],[[-15z,—15y],[—20z,—20y],[ —
25z,—25y]),[[—12z,—12y],[-16z,— 16y],[ - 20z,—20y]],[[-9z,—9y],[—12z,— 12y],[—
15z, —15y]]], [[36 =, 36 y], [48 =, 48 y], [60 =, 60 y]], [[30 =, 30 y], [40 =, 40 y], [50 =, 50 ¥]], [[24 =, 24 y],
[32z,32y],[40 2,40 y]], [[18 z, 18 y],[24 =, 24 y], [30 x, 30 y]]], [[[ — 54z, — 54 y],[— T2z, — T2 y],[ —
90z,—90y]],[[-45z,—45y],[-60z,—60y],[— 75z, —75y]],[[ - 36z, —36y],[—48x,—48y],
[-60z,—60y]],[[—-27z,—27y],[—36x,—36y],[—45x,—45y]]],[[[72z,72y],[96x, 96 y],
[120z, 120 y]], [[60 =, 60 y], [80 =, 80 y],[100 =, 100 y]], [[48 =, 48 y], [64 =, 64 y], [80 =, 80 y]], [[36 =,

36 y], [48 x,48 y],[60z,60 y]]],[[[ -90z,—90y],[ — 120z, — 120 y], [ — 150 =, — 150 y]],[[ — 75 =, —
75y],[—100x,—100y],[— 125z, — 125 y]],[[ - 602, — 60 y],[ — 80z, — 80 y],[ — 100z, — 100 y]],
[—45z,—45y],[—60x,—60y],[— 75z, — 75 y]]]],[[[[—36x,—36y],[ —48z,—48y],[ - 60z, —
60y]],[[-30z,—30y],[—40z,—40y],[— 50z, —50y]],[[— 24z, —24y],[—32x,—32y],[—40«,
—40y]],[[-18z,—18y],[—24z,—24 y],[— 30z, — 30 ¥]]],[[[72x, 72 y], [96 =, 96 y], [120 =, 120 y]],
[[60z,60 y],[80 x,80 y],[100 z, 100 y]], [[48 =, 48 y], [64 =, 64 y], [80 =, 80 y]], [[36 =, 36 y], [48 =, 48 ],
[60z,60 y]]],[[[ - 108z, — 108 y],[ — 144z, — 144 y],[— 180z, — 180 y]],[[ - 90z, — 90 y], [ — 120,
—120y],[—- 150z, — 150 y]],[[ - 72z, — 72 y],[ — 96z, — 96 y],[ — 120 =, — 120 y]], [[ — 54 =, — 54 y],
[—72z,—72y],[—90x,—90y]]],[[[144 =, 144 y], [192 x, 192 y], [240 =, 240 y]], [[120 =, 120 y], [160 z,
160 y],[200 z, 200 y]], [[96 =, 96 y], [128 =, 128 ], [160 x, 160 y]], [[72 =, 72 y], [96 =, 96 y], [120 z,

120 y]]], [[[ - 180, — 180 ], [ — 240z, — 240 3], [ — 300 , — 300 y]], [ — 150 =, — 150 y], [ — 200z, —
200y],[ - 250, — 250 ], [ — 120, — 120 y], [ — 160z, — 160 y], [ — 200z, — 200 y]], [[— 90 =, —

90 y],[— 120z, — 120 ], [ — 150, — 150 y]]][]

(%120) tensortype(%019);

(%h020) [2,5,4,3,2]
(%121) zerotemsor([4,3,2]);

(ho21) [[[0,0],[0,0], [0,0]], [[0,0], 0, 0], 0, 0]], [0, 0], [0, 0], [0, 0], [[0, 0], [0, 0], [0, O]]
(%i22)



