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Using Lisp CMU Common Lisp 19a

Distributed under the GNU Public License. See the file COPYING.
Dedicated to the memory of William Schelter.

This is a development version of Maxima. The function bug_report()
provides bug reporting information.

(%i1) load("tensor.lisp");

(%o1) tensor.lisp

(%1i2) a : [1,2] ot [sin(x),cos(x),tan(x)] ot [1,x,x"2,x74];

(%h02) [[[sinz,zsinz,z?sinz,z*sinz], [cosz,z cosz,z* cosz, z*

cos x|, [tanz,z tan z,z* tan x,
z*tanz]], [[2sinz,22sinz,22?sinz, 22 sinz], [2cosz, 2z cosz, 2 2% cosz, 2z cos z], [2tan z,

2ztanz,2z? tanz, 2z tan z]] |

(%i3) tensortype(a);

(%03) [2,3,4]

(%14) tensorrank(a);

(%o04) 3

(%15) b : [s,tl;

(%05) [s, 1]

(%i6) c : a ot b;

(%o6) [[[[ssinz,tsinz],[sxsinz,tsinz], [sx?

sinz, ta?sinz], [satsinz, tatsinz]], [[scosz,
tcosz],[szcosz,txcosz], [sa?cosx,ta?cosz], [satcosz,txtcosz]], [[stanz,t tanz], [sz tan,
tztanz], [sm%anw,tw%anw], [s:v4tanw,tm4tan:v]]], [[[2ssinw,2tsinw], [2szsinz, 2tz sinx],
[2sz?sinz,2t2?sinz], [2s2*sinz, 2t 2*sinz]], [[2scosz, 2t cos z],[2 s x cos z, 2Tz cos ],
[2sz?cosz,2ta?cosz|, [2sxtcosz, 2tz cosz]], [[2stanz, 2t tanz], [2 sz tanx, 2 ¢ tan z],

[2sz?tanz, 2t 2 tanz], 25zt tanz, 2t 2t tan z]]]]

(%i7) tensortype(c);

(%o7) [2,3,4,2]

(%i8) d : b ot a;

4 4

(%08) [[[[ssinz,szsinz,sz®sinz,sz*sinz], [scosz,sz cosz, sz’ cosz, sz cosz], [stanz,
srtanz,sz’tanz,szttanz]], [[2ssinz,2szsinz,2s2?sinz, 2sa*sinz], [2scosz, 25z cos,
2sa’cosz,2sxtcosz], [2stanz,2sztanz,2sa? tanz, 2sa* tanz]]], [[[¢sinz, tzsinz,
thsina:,tw‘lsinm],[tcosw,ta:cosw,thcosw,tw‘lcosm],[ttanx,twtanw,tmztanx,tw4tanx]],
[[2tsinz,2tzsinz,2ta?sine, 2ta*sina], [2¢cosz,2txcosw, 2t x? cosw, 2t z* cosz], [2ttanz,

thtanm,2ta:2tan:v,2tm4tanx]]]]



(%i9) tensortype(d);

(%09) [2,2,3,4]

(%110) e : [-1, 2, 0, 31;

(%010) [—1,2,0,3]

(%111) tensortype(e);

(%o11) [4]

(%112) load(eigen);

Warning - you are redefining the MACSYMA function EIGENVALUES
Warning - you are redefining the MACSYMA function EIGENVECTORS
(%o12) /usr/local/share/maxima/5.9.1/share/matrix/eigen.mac

(%i13) £ : d tvc e;

(%013) [[[(333@4—{—23:3—3) sin z, (3sw4+23w—s) cos x, (3sm4+2sx—s) tanm], [(6sm4+
4sx—2s)sinz, (6sz*+4sz—2s)cosz, (6sat+4sx—2s)tanz]], [[(3ta*+ 2tz —t)sinz,
(3ta*+2tz —t)cosz, (3tat+2tx —t) tanx], [(6ta* +4tx —2¢)sinz, (6ta* +4tx —

2t) cosz, (6tz* + 4tz —2¢) tanz]]]

(%114) tensortype(f);

(%o14) [2,2,3]

(%i15) g : d ot e;

(%o15) [[[[[- ssinz,2ssinz,0,3ssinz],[—szsinz,2szsinz,0,3swsinz], [ sa?sinz,
2sa’sinz,0,3sz?sinz], [— sz'sinz,2szsinw, 0,3 sa*sinz]], [[— scosz,2scosx,0,3scos z],
[—szcosz,2szcosx,0,3szcosz], [—sa?cosz,2sx?cosw,0,3sx?cosz], [—sa*cosw,
2sztcosw,0,3sacosz]], [[—stanw,2stanz,0,3stanz],[— sz tanz,2 sz tanw,0,3 sz tan z],
[-sz?tanz,2sz’tanz,0,3s2?tanz], [— sz tanz,2s 2 tanz,0,3 sz tan z]]], [[[ - 2 ssinz,
4ssinz,0,6ssinz],[—2szsinz,4szsine,0,6szsing], [—2sz?sinz,4sa2?sinz,0,6sz?sinz|,
[—2sm4sinx,4sx4sinx,0,63x4sinm]], [[—2scosm,4scosx,0,6£,'cosx],[—2smcosx,
4sxcosz,0,6szcosx], [—23w2cosw,4sw2cosw,0,6sx2cosx], [—2sm4cosm,4sw4cosw,0,
65x4cosx]], [[—2stanm,4stanx,0,6stanx], [-2sztanz,4sztanz,0,6sztanz], [—
2sa’tanz,4sz’tanz,0,6 sz’ tanz], [—2sz*tanz, 4 szt tanz,0,6 sa* tanz]]]], [[[[ - tsinz,
2tsinz,0,3tsinz],[—tzsinz,2tzsinz, 0,3tz sinz], [—thSinm,th2sinm,0,3t12sinm], [—
tztsing,2tz*sinz,0,3t z*sinz]], [[—tcosx,2¢cosz,0,3t cosa],[ -tz cosz, 2tz cosz, 0,
3twcosz], [—tx?cosw,2tz? cosw,0,3ta’ cosa], [—tatcosz, 2t x* cosx,0,3tz cosz]], [[—
ttanz,2ttanz,0,3ttanz],[—txtanz,2tx tanz,0,3 ¢tz tanz], [—tmztanx,2ta:2tanm,0,
3tz’tanz], [—tzttanz,2ta* tanz, 0,3tz tanz]]], [[[— 2¢sinz,4¢sinz,0,6¢sinz], [ —
2tzsinz,4tzsinz,0,6tzsinz], [—2tz?sinz,4t2?sinz,0,6t2sinz], [ -2t a*sinz, 4t 2 sin,
0,6tz*sinz]], [[—2tcosz,4tcosz,0,6tcosz],[—2tzcosz,4txcosz,0,6txcosz], [—
2tx*cosz,4tx?cosx,0,6tx?cosz], [ -2tz cosz,4txt cosz,0,6ta* cosz]], [ 2¢tanz,
4ttanz,0,6ttanz],[ - 2txtanz, 4t rtane,0,6twtanz], [ - 2tz’tanz, 4t z’tanz, 0,

6tw2tanw], [—2tm4tana:,4tx4tanm,0,6tw4tanm]]]]]



(%116) tensortype(g);

(ho16) [2,2,3,4,4]

(%i17) £f : cntrlst2(g);

(%o17) [[[3sz*sinz+2szsinz —ssinz,3sztcosz+2szcosz —scosz,3sx tanz +
23xtanx—sta.nx], [6sx4sinx+4sxsinx—2ssinw,65:c4cos:c+4sxcosx—2scosx,
6szttanz +4sztanz —2stanz]|, [[3ta*sine + 2tz sine —tsinz,3tatcosz + 2t xcosz —

tcosw,3tw4tanw+2twtanw—ttanw], [6t:v4sinm+4tmsinm—2tsinw,6tw4cosw+
dtzcosz—2tcosz,6tattanz + 4tz tans — 2t tanz]]]

(%118) tensortype(ff);

(%o18) [2,2,3]
(%119) ££[2]1[11([3];

(%019) 3tztanz+2tztanz —ttanzc
(%i20) ratsimp(f - £f);

(%020) [[[0,0,0], [0,0,0]][[0,0,0], 0,0, 0]]]

(%i21) fff : cntrct(g, 4, 5);

(%o21) [[[3sz*sinz+2szsinz—ssinz,3sztcosc+2szcosz —scosz,3sx tanz +
2smtanx—stanm], [6sx4sinm+4sxsinm—233inm,65m4cosm+4sx00sm—25003:3,
6sa'tanz +4sztanz —2stanz]], [[3ta?sine +2¢zsing — tsinz, 3tz cosz + 2t wcosz —

tcosz,3tattanz +2txtanz —ttanz|, [6ta*sinz +4txsine — 2tsine, 6tz cosz +
dtzcosz —2tcosz,6txttanz +4txtans — 2t tanz]]]

(%i22) ratsimp(ff - fff);

(%022) [[[0,0,0],[0,0,0]],[[0,0,0], 0,0, O]]]

(%123) tensortype(fff);

(%023) [2,2,3]

(%i24) cntrct(£fff,1,2);

(%ho24) [6ta34sina:+3sm4sina3+4tmsinx+2sxsinz—2tsinac—ssina:,6ta:4cosa:+
3sztcosx+4trcosr+2sxcosx —2tcosx —scosz,6txttanz +3sattana +4txtanz +
2swtanm—2ttanw—stanw]

(%125) tensortype(%024);

(%o025) [3]

(%i26) kill(a,b,c,d,e,f,ff,fff,g);

(ho26) DONE



(%i27) a : ([1,2] ot [3,4,5]1) ot ([6,5,4,3] ot [-1,2,-3,4,-5]);

(%027 [[[[— 18,36, — 54,72, — 90], [ — 15, 30, — 45, 60, — 75], [ — 12,24, — 36,48, — 60], [ — 9,18, —
27,36, — 45]], [ — 24, 48, — 72,96, — 120], [ — 20, 40, — 60, 80, — 100], [ — 16, 32, — 48,64, — 80], [ — 12,
24, — 36, 48, — 60]], [[ — 30, 60, — 90, 120, — 150], [ — 25, 50, — 75, 100, — 125], [ — 20, 40, — 60, 80, —
100], [ — 15, 30, — 45, 60, — 75]]], [[[ — 36, 72, — 108, 144, — 180], [ — 30, 60, — 90, 120, — 150], [ — 24, 48,
— 72,96, — 120], [ — 18, 36, — 54, 72, — 90]], [[ — 48, 96, — 144, 192, — 240], [ — 40, 80, — 120, 160, —
200], [ — 32, 64, — 96, 128, — 160], [ — 24, 48, — 72,96, — 120]], [[ — 60, 120, — 180, 240, — 300], [ — 50,
100, — 150, 200, — 250], [ — 40, 80, — 120, 160, — 200], [ — 30, 60, — 90, 120, — 150]]]]

(%128) temsortype(a);

(%028) [2,3,4,5]

(%i29) b : [x,y]1;

(ho29) [z,y]

(%i30) ¢ : a ot b;

(%030) [[[[[—18x,—18y],[36,36y|,[— 54z, —54y],[72z,72y],[—90x,—90y]],[[— 15z, —
159],[30z,30y],[ —45z,—45y],[60z,60y],[ — 75z, —75y]],[[— 12z,— 12 y],[24z,24 y],[ — 36 ,
—36y],[48 2,48 y],[—- 602, —60y]],[[—9z,—9y],[18 2,18 y]|,[ - 27z, — 27 y],[36 2,36 y],[ — 45 x,
—459y|],[[[ — 24z, —24y],[48%,48y],[ - 72z, - 72y],[96 2,96 y],[ — 120z, — 120 y]],[[ - 20, —
20y],[40z,40y],[—60z,—60y],[80x,80y],[ —100z,—100y]],[[—16z,— 16 y],[32z,32 y],[ —
48z, —48y],[64z,64y],[—80z,—80y]],[[—12z,—12y],[24z,24 y],[ — 36z, — 36 y], [48 =, 48 y],
[-60z,—-60y]]],[[[-30z,—30y],[60z,60y],[—90x,—90y],[120x,120 y],[ — 150z, — 150 y]],
[—25z,—25y],[50,50y],[— 752, — 75 y], [100z, 100 y], [ — 1252, — 125 y]], [ - 20z, — 20 9],
[40z,40y],[—60z,—60y],[80z,80y],[ — 100z, —100y]],[[—15z,— 15y],[30z,30y],[ — 45z, —
45y],[60x,60y],[— 75z, — 75 y]|]],[[[[ - 36z, —36y],[72z,72y],[ — 108z, — 108 y], [144 =, 144 y],

[—180x,—180y]],[[-30z,—30y],[60x,60y],[ —90z,—90y], 120,120 y],[ — 150z, — 150 3],
[—24z,—24y],[48x,48y],[— 72z, —T72y],[96x,96 y],[ —120x, — 120 y]], [[ — 18z, — 18 4], [36 =,

36y],[—bdz,— 54y, [722,72y],[—90z,— 90 y]]],[[[ — 48z, — 48 y],[96 =, 96 y],[ — 144 =, — 144 y],
[1922,192y],[ — 240z, —240y]],[[— 40z, —40y],[80z,80 y],[ — 120z, — 120 y], [160 z, 160 y],[ —
2002, —200y]],[[—32x,—32y]|,[64x,64y],[ — 962, — 96 y],[128 2,128 y],[ — 160z, — 160 y]], [[ —
24x,—24y],[48x,48 y],[ -T2z, —T72y],[96x,96 y],[ — 120 =, — 120 y]]], [[[ - 60 =, — 60 y], [120 =,
120y],[ — 180z, — 180 y], [240z,240 y],[ — 300z, — 300 y]], [[ — 50z, — 50 y], [100 =, 100 y],[ — 150 z,
—150y], 200,200 y],[ — 250z, — 250 y]], [[ —40z, — 40 y], [80x,80 y],[ — 120z, — 120 y],[160 =,

160 y],[ — 200z, — 200 y]],[[ - 30z, — 30 y], [60x,60 y],[ — 90z, — 90 y], [120 2, 120 y], [ — 150 =, —
150 y]]]1]

(%131) tensortype(c);

(%031) [2,3,4,5,2]

(%132) d : exchnext(c, 4)$
(%133) tensortype(d);

(%033) [2,3,4,2,5]

(%i34) f : exchnext(d, 3)$
(%135) tensortype(f);



(%035) [2,3,2,4,5]

(%136) g : exchnext(f, 2)$
(%1i37) tensortype(g);

(%037) [2,2,3,4,5]

(%138) h : exchnext(g, 1);

(%ho38) [[[[[—18«,36x,—b4x,72x,—90x],[— 152,30z, — 452,60z, — 75z],[— 122,24, —
36x,48z,—60z],[— 92,18z, —27x,36x,—45x]],[[— 242,48z, — 722,96z, — 120z],[ — 20z,
40x,—60z,80x,—100z],[— 162,322, — 482,642, —80«z],[ — 122,24z, — 362,48z, — 60 z]],
[—-30z,60x,—90z,120x,—150z],[ - 252,50z, —75z,100x,— 125 z],[ — 20,40z, — 60 x,
80z,—100z],[— 152,302, — 452,60z, — 75z]]],[[[ - 36,72z, — 108 2,144z, — 180 z],[ — 30z,
60z, —90x,120x, — 150z],[ - 242,482, - 722,96z, — 120x],[ — 182,36z, — 54,72z, — 90 z]],
[—48z,96x, — 144,192, —240z],[— 402,80z, — 120,160z, —200z],[ — 322,64z, — 96 =,
1282,—-160z],[—24x,482, - 722,96z, — 120]],[[ -60x,120x, — 180x,240z, — 300 z], [ — 50 =,
100z, —150x,200x, — 250 z|,[ — 402,80z, — 120z, 160z, — 200 z],[ —30x,60x, — 90z, 120z, —
150:6]]]],[[[[—18y,36y,—54y,72y,—90y],[—15y,30y,—45y,60y,—75 y]a[_12y524y;_
36y,48y,—60y],[—9y,18y,—27y,36y,—45y]],[[—24y,48y,—72y,96y,—120y],[—20y,
40y,—60y,80y,—100y],[—16y,32y, —48y,64y,—80y],[—12y,24y,— 36 y,48 y, — 60 y]],
[-30y,60y,—90y,120y, —150y],[—25y,50y,—75y,100y, —125y],[—20y,40y,— 60y,
80ya —100 y]’ [_ 151/,3011, _453/’603/’ =75 y]]]a [[[_36y172y3 —1081/,1441/, — 180 y]a [—30@/,
60y7_90y)120y,_150y])[_24y748ya_72ya96ya_1203/]’[_18y336ya_54y572y7_90y”a
[—48y,96y, —144y,192y,—240y],[-40y,80y,—120y,160y, — 200 y],[ —32y,64y,— 96 y,
128y, — 160y]a[_24ya48y7 —72 y,96y,— 1203/]]’ [[_60?/31201/’_ 1801/,2403/,—30031],[_50?/,
100y, —150y,200y,—250y],[-40y,80y,—120y,160y, —200 y],[—30y,60y,—90y,120 y, —
150 ]

(%139) tensortype(h);

(%039) [2,2,3,4,5]

(%140) i : b ot a$
(%141) tensortype(i);

(ho41) [2,2,3,4,5]

(%142) ratsimp(i - h);

(%042) [[[[[0,0,0,0,0],[0,0,0,0,0],[0,0,0,0,0], 0,0,0,0,0], [[0,0,0,0,0], [0,0,0,0,0], 0, 0,0,0,0],
1,1[0,0,0,0,0],0,0,0,0,0], [0, 0,0,0,0], [0,0,0,0,0]], [[[0, 0, 0,0, 0], [0, 0,0, 0, 0], [0, 0, 0, 0,

[0,0,0,0,0]], [[0,0,0,

0],[0,0,0,0,0]], [[0,0,0,0,0], [0,0,0,0,0], 0, 0,0,0,0],[0,0,0,0, 0], [[0, 0,0, 0, 0], [0, 0,0,0, 0], [0, 0, 0,
0,0],[0,0,0,0,0]]]], [[[[0, 0, 0, 0,0],[0,0,0,0,0] [o 0,0,0,0],[0,0,0,0,0]], [0, 0,0,0,0], 0,0, 0,0,0], [0,
0,0,0,0],[0,0,0,0,0]], [[0,0,0,0,0], 0,0,0,0,0], 0, 0,0,0, 0], 0, 0,0,0, 0[], [[[0, 0, 0, 0, 0], [0, 0, 0, 0, 0],
[0,0,0,0,0],0,0,0,0,0]],[[0,0,0,0,0], 0,0, 0,0,0], [0,0, 0, 0,0], [0, 0, 0,0, 0]], [0, 0, 0, 0, 0], [0, 0, 0, 0,
0]5[0505 5050 [ s Yy 5070]]]]]

(%143) tensortype(c);

(%043) [2,3,4,5,2]

(%144) exchttype(c,2,4);



(ho44) [[[[[—18x,—18y],[—24x,—24y],[-30z,—30y]],[[-15z,—15y],[—20z,—20y],[—
25z,—25y]),[[—122,—12y],[-16z,— 16y],[ - 20z,—20y]],[[-9z,—9y],[—12z,— 12y],[—
15z, —15y]]], [[36 =, 36 y], [48 =, 48 y], [60 =, 60 y]], [[30 =, 30 y], [40 =, 40 y], [50 =, 50 ¥]], [[24 =, 24 y],
[32z,32y],[40 2,40 y]],[[18 z,18 y],[24 =, 24 y], [30 =, 30 y]]], [[[ — 54z, — 54 y],[— T2z, — T2 y],[ —
90z,—90y]],[[—45z,—45y],[-60z,—60y],[— 75z, —75y]],[[ - 36z, —36y],[— 48z, —48y],
[-60z,—60y]],[[—-27z,—27y],[—36x,—36y],[—45x,—45y]]],[[[72z,72 y],[96 x, 96 y],
[120z, 120 y]], [[60 =, 60 y], [80 =, 80 y],[100 =, 100 y]], [[48 =, 48 y], [64 =, 64 y], [80 =, 80 y]], [[36 =,

36 y], [48 x,48 y],[60z,60 y]]],[[[ -90x,—90y],[— 120z, — 120 y], [ — 150 =, — 150 y]],[[ — 75z, —
75y],[—100x,—100y],[— 125z, — 125 y]],[[ - 602, — 60 y],[ — 80z, — 80 y],[ — 100z, — 100 y]],
[—45z,—45y],[—60x,—60y],[— 75z, — 75 y]]]],[[[[—36x,—36y],[ —48z,—48y],[— 60z, —
60y]],[[-30z,—30y],[—40z,—40y],[— 50z, —50y]],[[— 24z, —24y],[—32x,—32y],[ - 40,
—40y]],[[-18z,—18y],[—24z,—24 y],[— 30z, — 30 y]]],[[[72x, 72 y], [96 =, 96 y], [120 =, 120 y]],
[[60z,60 y],[80 x,80 y], [100 z, 100 y]], [[48 =, 48 ], [64 =, 64 y], [80 =, 80 y]], [[36 =, 36 y], [48 =, 48 ],
[60z,60 y]]],[[[ - 108z, — 108 y],[ — 144z, — 144 y],[— 180z, — 180 y]],[[ - 90z, — 90 y], [ — 120,
—120y],[—- 150z, — 150 y]],[[ - 72z, — 72 y],[ — 96z, — 96 y],[ — 120 =, — 120 y]], [[ — 54 =, — 54 y],
[—72z,—72y],[—90x,—90y]]],[[[144 =, 144 y], [192 x, 192 y], [240 =, 240 y]], [[120 =, 120 y], [160 z,
160 y],[200 z, 200 y]], [[96 =, 96 y], [128 =, 128 ¥], [160 x, 160 y]], [[72 =, 72 y], [96 =, 96 y], [120 z,

120 y]]], [ - 180z, — 180 ], [ — 240 &, — 240 3], [ — 300 , — 300 y]], [ — 150z, — 150 y], [ — 200z, —
200y],[ - 250, — 250 ], [ — 120, — 120 y], [ — 160z, — 160 y], [ — 200z, — 200 y]], [[— 90 =, —

90 y],[— 120z, — 120 ], [ — 150, — 150 ]][[]

(%1i45) tensortype(%o044);

(%ho45) [2,5,4,3,2]
(%146) zerotemsor([4,3,2]);

(ho46) [[[0,0],[0,0], 0, 0]}, [[0, 0], [0, 0], [0, 0]}, [[0, 0], [0, O], [0, 0]], [0, 0], [0, 0], [0, 0]]]
(%i47) kill(ALL);

(%00) DONE
(%il)



